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Abstract 
We show that the space of fully grown n-trees has the homotopy type of a bouquet of spheres 
of dimension n - 3 and that the character of the representation of Z, + 1 on its only non-trivial 
reduced homology group is 
E. (Ind:*’ Lie, - Lie,, 1). 
1991 Math. Subj. Class.: 2OC30, 17B01, 55P99 
0. Introduction 
We investigate a certain space T, called the space of fully grown n-trees, and we 
prove that it has the homotopy type of a bouquet of spheres of dimension n - 3. The 
symmetric group Zn + I acts in a natural way on T,, so the reduced homology of 
T, affords an integral representation of C, + 1, which we call the tree representation. It 
has dimension (n - l)!. Its restriction to C,_ 1 is isomorphic (over the integers) to the 
regular representation. 
We show that the character of the tree representation is 
ES (Ind$:+’ Lie, - Lie, + 1) 
where E is the alternating character, and Lie, is the character of the representation of 
C, on that component of the free Lie algebra on n generators which is spanned by 
those words involving each generator exactly once. In the proof we use the Lefschetz 
fixed-point theorem, and a formula of Brandt [S] to the effect that Lie, = Ind,?p,, 
where pI is a faithful linear character of the subgroup generated by an r-cycle in I;,. 
We became interested in the space T, because it arises in r-homology theory for 
commutative rings. This is very close to the study of E, structures in homotopy 
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theory, where T, originated [2], and to configuration spaces and free Lie algebras. 
The connections among these are described in [6]. Restricting the tree representation 
to C, gives E - Lie,, . Our Theorem 3.1 therefore implies a result on the top-dimensional 
homology of configuration spaces due to Cohen (see [S, Theorem 12.3, p. 3021) which 
is also proved by completely different methods in [9-J. The restriction to C, also yields 
a known result, due to Stanley [l l] on the homology of partition lattices; there is an 
explicit proof of this in Barcelo [l]. 
Our results were announced in [lo, 131. Some related results have since been 
obtained by Hanlon [S]. 
1. The space of fully grown trees 
Definition 1.1. A tree is a compact contractible one-dimensional polyhedron Y. There 
is just one minimal triangulation of Y, namely that one in which every vertex is either 
an end (belongs to just one edge, called a free edge) or a node (belongs to at least three 
edges of Y). Non-free edges of Y are called internal edges. We shall almost always use 
this triangulation. 
From now on, let n 2 2. We define an n-tree to be a tree Y in which 
(1) there are exactly n + 1 ends, labelled by the integers 0, 1,2, . . . , n; 
(2) each internal edge a is assigned a length E(a), where 0 < I(a) I 1. 
Free edges always have length 1 assigned to them. 
An isomorphism Y1 + Yz of n-trees is a homeomorphism which is isometric on 
edges and which preserves the labelling of the ends. The space f’, of isomorphism 
classes of n-trees is a cubical complex. Two trees belong to the same open cube if they 
are homeomorphic in a fashion which preserves labels and edges of length 1. The 
coordinates within each cube are given by the internal edge-lengths. (We use here the 
fact that a tree has no non-trivial automorphisms.) Topologically, T,, is therefore 
a finite CW complex. 
Since n 2 2, the space 7, has a natural contraction which shrinks all internal edges 
linearly and simultaneously. Therefore Fn is a cone. Its apex is the tree with no 
internal edges; its base is the space T, of trees which arefuZZy grown in the sense that at 
least one internal edge a has the maximum permitted length l(a) = 1. (The terminol- 
ogy comes from [2].) The symmetric group C “+ 1 acts upon T, and T,, by permuting 
the labels 0, 1, . . , n. 
We now investigate the subcomplex T,. We recall that a cell complex has pure 
dimension r if every cell is a face of some r-cell. 
Proposition 1.2. 
(1) T, can be triangulated as a simplicial complex of pure dimension n - 3. 
(2) Every (n - 4)-simplex of T, is a face of precisely three (n - 3)-simplices. 
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Proof. The simplices of this new structure on T, are as follows. The vertices are those 
trees with just one internal edge (which therefore has length 1). From a general tree 
t E T, we can obtain various vertices u, by stretching one internal edge LX to length 1, 
and shrinking all other internal edges to zero. These u, are the vertices of the simplex 
in which t lies: the barycentric coordinates oft are proportional to the lengths of the 
corresponding internal edges. Since such data uniquely determine a fully grown tree, 
we have a triangulation of T,. (The original cell structure on T, is recovered by 
subdividing each simplex into cubes according to which barycentric coordinate is 
greatest.) 
Each simplex of T, corresponds to a shape of fully grown tree (i.e. an equivalence 
class under label-preserving homeomorphism). The maximal simplices correspond to 
the trees with the most internal edges. These have just three edges at each node. 
Consideration of the Euler characteristic shows that they have n - 2 internal edges 
and so give (n - 3)-dimensional simplices of T,. 
Any lower-dimensional simplex of T, corresponds to a tree-shape containing 
a node where more than three edges meet. One can separate such a node into two, 
introducing a new edge. This process can be continued until a shape is reached which 
corresponds to an (n - 3)-simplex having the original simplex as a face. Therefore 
T, has pure dimension n - 3. 
Let r~ be an (n - 4)-simplex of T,. It corresponds to a tree-shape containing one 
node E of order four, all other nodes having order three. The node E can be separated in 
three ways 
a x b c d 
a x c 
a x d b d b c 
corresponding to the three ways of pairing off the subtrees which meet at E. The 
resulting shapes give the three (n - 3)-simplices having CJ as a face. 0 
As the above proposition might suggest, the complex T,, shares many (but not all) 
of the properties of buildings [12]. In this it resembles the split buildings of Charney 
c41. 
Definitions 1.3. Let i E (0, 1, . . . , n} be one of the labels of a tree t E T,. The entry node 
of i is the first node one meets on entering the tree at the end labelled i. It is connected 
to i by an edge. 
Let A be any subset of the set (0, 1, . . . , n} of labels. We denote by U, the 
set of trees t E T, in which all iEA have the same entry node. Evidently, U, is 
a subcomplex of T,. From now on we exclude, usually without further mention, the 
trivial cases IA 1 I 1 and 1 Al 2 n, which give respectively the whole of T, and the 
empty set. 
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Lemma 1.4. The U, are a family of contractible sets which cover T,. Every non-trivial 
intersection of sets in this family is contractible, or empty. 
Proof. In every shape of tree there are two labels with the same entry node. Therefore 
the sets Uii,jj already cover T,. 
Any single U, (where, as usual, 2 I 1 A ) 5 n - 1) is a conical subset of the closed 
star of the vertex 
A 
and therefore can be linearly contracted to that vertex. (If A = {i, j} consists of two 
elements, then U, is precisely the closed star.) 
Now suppose & is a subfamily such that nacJJa is non-empty. Take a tree 
belonging to a simplex of maximal dimension in this intersection. Shrink all the 
internal edges, except for one adjoining the entry node of the labels in some (at least) 
A E d. The whole intersection is a conical subset of the closed star of this vertex, and is 
therefore contractible. 0 
Theorem 1.5. There is a homotopy equivalence 
T, N v S”-j 
(n-l)! 
and the representation of the subgroup C,- 1 of label permutations on H,_,(T,) is 
isomorphic to the regular representation. 
Proof. By C,_ r we here understand the group of permutations of any n - 1 of the 
labels, but we may assume without loss of generality that they are 1,2, . . . , n - 1. We 
consider the subset X = U A C iI, 2, ,,. ,n_ 1) U, of T,. This is covered by the contractible 
subcomplexes UIi,ji, 1 I i, j I n - 1. Every intersection of these is non-empty, be- 
cause it contains the vertex pictured above with A = (1,2, . . . , n - l}. By Lemma 1.4, 
each intersection is contractible. Thus X is contractible. 
The complement T,\X consists only of the interiors of the (n - 3)-dimensional 
simplices 
il i2 J-wl___~n 
where (iI, iz, ’ . . . ,1.-l ) is any permutation of (1,2, . . . , n - 1). Therefore T, is obtained 
from a contractible space by attaching (n - l)! simplices of dimension n - 3 along 
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their boundaries, and these simplices are regularly permuted by the subgroup Z,_ 1 of 
the group of label permutations. It follows that T, has the homotopy type of a wedge 
of (n - l)! spheres of dimension n - 3 which are permuted in the standard manner by 
c,-1. q 
2. The sets of fixed points 
In order to find the character of the action of Z ,, + 1 on H, _ 3(Tn), we investigate the 
homotopy type of the fixed-point set Tz for each g E C,, 1. This of course depends 
upon the cycle type (conjugacy class) of g. In general Ti is not a simplicial subcomplex 
of T,, but is certainly a subcomplex of its first barycentric subdivision because 
C,, 1 acts simplicially on T,. 
If t is a tree representing a point of T,9, then the permutation g of labels extends to 
a unique isometry of t with itself, so that t is a tree with a well-defined action of the 
cyclic subgroup (g). Conversely, any fully grown tree with (g)-action represents 
a point of Ti. We may therefore regard T,9 as the space of (fully grown) (g)-trees. 
We introduce the notation 
for the set of (g)-trees where i and j have the same entry node. We shall call the set 
Ufi, j) balanced if i and j are distinct and belong to cycles of equal length, or to the same 
cycle, in the decomposition of the permutation g. 
Lemma 2.1. The balanced sets UFi,j) cover T,9. 
Proof. We know from Lemma 1.4 that the collection of all subsets Ufi, jj, balanced or 
not, covers T,9. Suppose that a tree t belongs to Ufi,jl, where i belongs to a cycle of 
length m and j belongs to a cycle of shorter length 1. Since t is a (g)-tree, the entry 
node of the label i must then be fixed under gl, and so t also belongs to the set U~i,sz(i)I, 
which is balanced. Thus the balanced sets are sufficient. 0 
Let & be any family of balanced sets. We introduced the d-equivalence relation on 
the set (0, 1, . . . , n} of labels, defining it to be the smallest equivalence relation which 
is stable under (g), and for which i N j whenever Ufi,jl EZZ. Alternatively, consider 
the set of all the labels as a (g)-set. Then the d-equivalence classes are the elements of 
the quotient (g)-set of this by the relations i N j for U& jI E&‘. 
Lemma 2.2. The intersection of a non-empty family ~2 of balanced sets is always 
contractible, except when there is an d-equivalence class containing n or n + 1 labels. 
In particular, an individual balanced Ufi,j, is contractible except in certain cases 
where g is an n-cycle or an (n + 1)-cycle. 
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$‘(A) 
Fig. 1 
Proof. Choose any Utj,j, in the given family d. Let A be the d-equivalence class of 
i andj. Provided 1 A[ < n, there is a vertex u of T, (illustrated in Lemma 1.4) in which 
the labels entering at one node are the labels in A. The translates g’(u) span a simplex, 
of which the barycentre lies in ~JZZ’. The whole of &YZ can be linearly and equivariant- 
ly contracted to this barycentre, which appears as given in Fig. 1. 
The above demonstration works in particular when A? has a single element U[, j). 
Therefore the last claim of the lemma follows from the observation that an d- 
equivalence class can then only contain n or n + 1 elements if g is an n-cycle or an 
(n + 1)-cycle and if i, j are labels related by a generator of the cyclic group (g). 0 
We shall need the following result. 
Lemma 2.3. Let A, be the lattice of proper divisors of the integer r. Then the homotopy 
type of the nerve N, = 1 A, 1 is given by 
(1) N, N Sk-= if r is a product of k distinct primes; 
(2) N, 1: point ifr is not square-free. 
Proof. (1) We use induction on the number k of prime factors in r. The induction 
starts, because A, is empty when r = 1 or r is prime. For the inductive step, it suffices 
to prove that Np4 is homeomorphic to the suspension of N4 when p is prime and 
(p, q) = 1, q > 1. In this case Ap4 = {p, q}uM, where A4 = {A, ~,II~EA~}. The par- 
tially ordered subset M has realization N4 x I, and the divisibility relations involving 
p and q with elements of M are such that Np4 is obtained by attaching a cone on N4 to 
each end of the cylinder (MI ES N4 x I, the vertices of the cones being the elements 
p and q. Therefore Np4 z SNq, and the induction is complete. 
(2) If r is divisible by p2, where p is prime, then the least common multiple map, 
x H {p, x}, is a deformation retraction onto the sublattice of proper divisors of 
r divisible by p, which is a cone. 0 
Theorem 2.4. (1) 1f g is a power of an n-cycle or of an (n + 1)-cycle, and thus 
has cycle type (r)S(l) or (r)s, then thejxed-point set T,9 has the homotopy type of a 
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wedge of spheres 
T,9 N 
i 
V~s-1~!,~~~SS+k-3 if r is a product of k distinct primes, 
point if r is not square-free. 
(2) Zf g has any other cycle type, then Ti is contractible. 
Proof. We first prove (2). Take d to be the family of all balanced sets U& jl. When g is 
a power of neither an n-cycle nor an (n f l)-cycle, there is no &-equivalence class 
containing n or n + 1 labels. By Lemma 2.2, all the UTi, ji and all intersections of them 
are contractible: therefore their union is contractible. But this union is T,9, by Lemma 
2.1. Thus (2) is proved. 
We turn now to the proof of (l), in the special case when g is an n-cycle or an 
(n + 1)-cycle, so that r = n or r = n + 1. As we remarked at the beginning of Section 2, 
the cyclic group (g) acts by isometries on every tree t in T,9. Since it acts transitively 
upon the labels (or upon all labels except 0), such a tree is necessarily star-shaped: 
the cyclic action has a single fixed point if r = n + 1, and fixes only the edge labelled 
0 if r = n (see Fig. 2). This implies that T,9 is homeomorphic to the nerve N, of the 
partially ordered set of proper divisors of r. By Lemma 2.3 the special case of (1) is 
proved. 
In the remaining case of(l), when g has cycle type (r)s or (r)“(l) with s > 1, we select 
one of the r-cycles in the decomposition of g. Without loss of generality we may take 
this cycle to be (12 . . r). Let g be the family of balanced sets UFi, j1 in which i and 
j belong to cycles other than the selected one. It follows as above from Lemma 2.2 that 
ua is contractible: but u98 is no longer than whole of T,9. 
Consider any tree t is the complement T,S\lJW. As t$lJB, the action of (g) must 
be free on the entry nodes of the elements of each non-selected r-cycle; and only the 
6 
18 
(1...24) 
t E T24 
Fig. 2 
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Fig. 3 
entry nodes of elements of {1,2, . . . ,r> may coincide with those of any element of 
another cycle. It follows that t must have the following form: it is a star-shaped tree 
from the space N, of proper divisors of r, on each end of which has been attached 
a frond (see Fig. 3) with Jo {1,2, . . . ,I}, and each ai chosen from a different non- 
selected r-cycle. By virtue of the (g)-action on t, any one frond (say that with j = 1) 
determines all the others, so that there are just (s - l)! rs- ’ possible patterns of fronds. 
(If r = n, the label 0 enters at the fixed node.) 
Since the fronds introduce s - 1 new barycentric oordinates, we conclude that T,9 
is obtained from the contractible space ug by attaching (s - l)!r”- ’ copies of the 
pair (dsm2, 8dsP2) * N,, where N, is again the nerve of the partially ordered set of 
proper divisors of r. Knowing the homotopy type of N, as above, we deduce that 
T,9 N 
i 
V+i)!,‘-1Ss+k-3 if r is a product of k distinct primes, 
point if r is not square-free. 
The proof of the theorem is now complete. 0 
Corollary 2.5. The Euler characteristic of thejxed-point set T,9 is given by theformula 
x(T:) - 1 
i 
(s - l)!( - r)s-lu(r) if g has cycle type (r)s with r > 1, or (r)“(l), = 
0 if g has any other cycle type, 
where p is the standard Mobius function. 
We may note here that on restriction to the subgroup C, this agrees with a result 
which Hanlon [7] obtained for the partition lattice by other methods. 
3. The tree representation 
Theorem 3.1. The integral representation of C,+ 1 on the homology group H, _ 3 (T,) has 
character 
E - (Indk” Lie, - Lie, + J
where E is the alternating character, and Lie, is the character of the representation of C, 
on that component of the free Lie algebra on n generators which is spanned by those 
words involving each generator exactly once. 
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Proof. By the Lefschetz fixed-point theorem, the alternating sum of the traces of the 
homology automorphisms induced by any element g E C,, I equals the Euler charac- 
teristic of the corresponding fixed-point set T,4. If x is the character of the representa- 
tion on H,_ 3(Tn), we have by Corollary 2.5 that 
( - 1)“-3x(sl 
i 
(s - l)!( - r)s- ‘p(r) = if g has cycle type (r)s with r > 1, or (r)S(l), 
0 if g has any other cycle type, 
because the only other homology group is the trivial module He(T,). 
On the other hand, the induced character formula gives precisely these values for 
the virtual character 
E - (Indk*l pn - Indk:: p. + 1) 
where p, is a faithful linear character of the subgroup of Z,,+ 1 generated by an r-cycle, 
and E is the alternating character. 
Now a result of Brandt [3] for the Lie character implies that Lie, = Ind2 pr. The 
theorem thus follows from the formula above and the transitivity of induction. 0 
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